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1. Introduction
In 1954, Milnor [12] introduced the relation of homotopy between links, “a link-homotopy is a deformation of one
link onto another, during which each component of the link is allowed to cross itself, but such that no two components
are allowed to intersect”. Thus link-homotopy is the study of purely linking (as opposed to knotting) phenomena. Milnor
also gave a homotopy classiﬁcation of links with 3 or fewer components, but only in 1988, Levine [10] accomplished such
a classiﬁcation for links with four components. Finally in 1990, Habegger and Lin [6] classiﬁed links up to link-homotopy.
Their approach, however, was not purely algebraic like that one of Milnor and Levine. Milnor and Levine worked with
peripheral invariants, analogous to those used in Waldhausen’s Theorem for links up to ambient isotopy (see [13]). Habegger
and Lin worked with string links in an approach similar to that of Artin ([1] and [2]) and Markov [11] who used braids to
study isotopy classes of links (see [3]).
Habegger–Lin’s result was further simpliﬁed by Hughes [7], who also showed that pre-peripheral structure (Milnor’s
original version) are not strong enough to classify links up to link-homotopy and that Levine’s peripheral structures “are
also in all likelihood not strong enough to distinguish all link-homotopy classes” (see [8] and [9]).
In this paper we associate to each homotopy class of a link a certain diagram of group homomorphisms and show that
two homotopy classes are equal if and only if there is a certain type of isomorphism between the associated group diagrams;
thus providing an algebraic structure that distinguishes links if and only if they are link-homotopic. The invariant introduced
also provides a connection between Milnor–Levine’s approach and Habegger–Lin’s approach to the study of link-homotopy.
2. Links and string links homotopies
In this paragraph we brieﬂy review some results of [6] and [12].
We shall use the following notation: I is the interval [0,1], D is the unit disk {x ∈ R2 | ‖x‖  1}, k  1 is an integer
number, k is the set {1,2, . . . ,k}, (∀i ∈ k) ai is the point (−1 + 2ik+1 ,0) ∈ D and j0 :k × I → D × I is the map deﬁned by
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(i, x) j0 = (ai, x). Note that, as above, if f is a map, we will usually write (x) f instead of f (x). This helps dealing with the
(right) Artin automorphism associated to a braid.
Deﬁnition 1. A k-string link is a smooth or piecewise linear proper imbedding f :k× I → D × I such that f |k×∂ I = j0|k×∂ I
(see Fig. 1).
Deﬁnition 2. k-string links f and g are link-homotopic if there is a homotopy of the strings in D × I , ﬁxing the endpoints
and deforming f to g , such that the images of different strings remain disjoint during the deformation.
We will denote by H(k) the set of link-homotopy classes of k-string links.
The product of two k-string links f and g is given by stacking f on the top of g and reparametrizing. To be more
precise, let α1,α2 : D × I → D × I be the maps given by (x, t)α1 = (x, t2 ) and (x, t)α2 = (x, 1+t2 ), where (x, t) ∈ D × I .
Deﬁnition 3. Let f , g be k-string links. The product f · g :k× I → D × I is the k-string link deﬁned by
(t) f · g =
{
(i,2t) f α1 if 0 t  12 ,
(i,2t − 1)gα2 if 12  t  1.
With this product, H(k) becomes a group. The homotopy class of j0 is the neutral element and the inverse to the class
of homotopy of a k-string link f is the class of homotopy of the k-string link f −1 :k × I → D × I deﬁned by (i, t) f −1 =
(i,1− t) f α, where α : D × I → D × I is deﬁned by (∀x ∈ D) (∀t ∈ I) (x, t)α = (x,1− t).
Deﬁnition 4. Let F (k) be the free group in k generators α1,α2, . . . ,αk , and RF(k) the quotient group obtained from F (k)
by adding relations which say that each αi commutes with all of its conjugates. We call RF(k) the reduced free group in k
generators.
Deﬁnition 5. Let f be a k-string link and let X( f ) = (D × I)  (k × I) f be the complement of the strings. The group
π1(X( f ), p), where p = (0,−1,0) is called the group of f and is denoted by π( f ).
Let f be a k-string link. We shall denote by xi = xi( f ), ∀i ∈ k, the top meridians of f and by yi = yi( f ), ∀i ∈ k, the
bottom meridians of f (see Fig. 2 and [4]).
There are homomorphisms μ0( f ) : F (k) = F (α1,α2, . . . ,αk) → π( f ), (αi)μ0( f ) = xi( f ), and μ1( f ) : F (k) → π( f ),
(αi)μ1( f ) = yi( f ), called respectively, the top meridian map for f and the bottommeridian map for f .
Let Rπ( f ) be the quotient group obtained from π( f ) by adding relations which say that each xi( f ) commutes with all
of its conjugates.
If f is a pure k-braid, there are isomorphisms
F (k)
∼=−−−→
μ0( f )
π( f )
∼=←−−−
μ1( f )
F (k)
which provide an automorphism f = μ0( f )μ1( f )−1 of F (k) satisfying the two conditions below:
(1) ∀i ∈ k, (αi) f is a conjugate u−1i αiui of αi , and
(2) (α1α2 · · ·αk) f = α1α2 · · ·αk .
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Artin’s Representation Theorem establishes an isomorphism between the pure braid group with multiplicity k and the
subgroup A0(F (k)) of the automorphism group of F (k) consisting of those automorphisms satisfying conditions (1) and (2)
above.
Isomorphisms satisfying condition (1) above are called special and those satisfying conditions (1) and (2) above are
called braid-like. The group of special automorphisms of F (k) will be denoted by A(F (k)).
Habegger and Lin showed that if f is a k-string link, μ0( f ) and μ1( f ) induce isomorphisms
RF(k)
∼=−−−→
μ′0( f )
Rπ( f )
∼=←−−−
μ′1( f )
RF(k)
that provide an automorphism f = μ′0( f )μ′1( f )−1 of RF(k) satisfying conditions (1) and (2) above, that is a braid-like
automorphism of RF(k). Furthermore, if f and g are link-homotopic, f = g , and the association f 	→ f is an isomorphism
between the group H(k) of link-homotopy classes of k-string links and the group A0(RF(k)) of all braid-like automorphisms
of RF(k). f is called the Artin automorphism associated to f .
Deﬁnition 6. A k-link (or link of k components) is a smooth or piecewise linear imbedding of a disjoint union of ordered,
oriented circles
∐k
i=1 S1i into S
3.
If L :
∐k
i=1 S1i → S3 is a k-link we will also denote its image by L. Li = (S1i )L is the i-th component of L. We will denote
π1(S3 − L) by G(L), and call it the group of L.
Deﬁnition 7. Let L be a k-link. A peripheral structure for L on G(L) is a set of k pairs {μi, λi} of elements of G(L) deﬁned
as follows. Let Ti be a tubular neighborhood of Li , and let γi be a path in S3 − L from the base point of S3 − L to the base
point of Ti . The i-th meridian μi of the peripheral structure is the class in G(L) of γimiγ
−1
i where mi is null-homotopic
in Ti and has linking number +1 with Li . The i-th longitude λi is the class of γiiγ −1i , where i is homotopic to Li in Ti
and has linking number 0 with Li . Note that a choice of γi (the i-th stem of a peripheral structure) determines the pair
(μi, λi), and thus all such pairs are conjugate. The structured group of L is G(L) together with all the peripheral structures
for L.
If L and L′ are isotopic links then G(L) and G(L′) are isomorphic as structured groups; i.e., there is an isomorphism
φ :G(L) → G(L′) such that if {μi, λi} is a peripheral structure on L, then {(μi)φ, (λi)φ} is a peripheral structure for L′ .
Deﬁnition 8. k-links L0, L1 :
∐k
i=1 S1i → S3 are link-homotopic if there is a homotopy Lt :
∐k
i=1 S1i → S3, 0 t  1, such that
(S1i )Lt and (S
1
j )Lt are disjoint for any i 
= j and 0 t  1.
Alternatively, two links are link-homotopic if they are related by a sequence of isotopies and same-component crossing
changes.
Under link-homotopy, G(L) is not invariant.
Deﬁnition 9. The reduced group RG(L) of a link L is the quotient of G(L) by relations saying that each i-th meridian
commutes with its conjugates.
The reduced group of a link L is an invariant of link-homotopy (see [12]).
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Fig. 4. B+ ∩ B0.
Theorem 1 (Milnor). If {μ˜i, λ˜i | i ∈ k} is a peripheral structure for a k-link L on G(L) and {μi, λi | i ∈ k} is its image under the
projection G(L) → RG(L), then RG(L) is generated byμ1, . . . ,μk, and there exist words w1, . . . ,wk in the {μi | i ∈ k}which represent
the λi , i ∈ k, so that RG(L) is isomorphic to RF(μ1, . . . ,μk) modulo the relations {[μi,wi] | i ∈ k}.
Proof. See [12]. 
Deﬁnition 10. Given a k-link L, let Ni(L) be the normal subgroup of RG(L) generated by any i-th meridian. If {μ˜i, λ˜i | i ∈ k}
is a peripheral structure for L on G(L), and {μi, λi | i ∈ k} is the image under projection to RG(L), then {μi, λi Ni(L)} will be
called a pre-peripheral structure for L on RG(L).
The name “pre-peripheral” is due to Levine [10] who calls a certain reﬁnement of it “peripheral structure” on RG(L).
Its proved in [12] that homotopic links yield an isomorphism RG(L0) ∼= RG(L1) which preserves the pre-peripheral struc-
tures.
Habegger and Lin also studied the problem of relating homotopy classes of string links to homotopy classes of links,
obtained by closing them. They ﬁrst introduced an action of the group H(2k) on the set H(k) as follows: let B be the
identiﬁcation space of D × I where we identify (z,0) with (z,1), ∀z ∈ D , and perform identiﬁcations along ∂D × I as
follows. Let z = (x, y) with x 0 and x2 + y2 = 1; identify (z, t) with (z, 14 − t (mod 1)) for t ∈ [0,1]. Then B is a three ball
that can be decomposed in three subballs B+ , B0 and B− which correspond to the product of D with [0, 14 ], [ 14 , 12 ] ∪ [ 34 ,1]
and [ 12 , 34 ] respectively.
Fig. 3 is a schematic picture of how the identiﬁcation space is obtained.
2k points p1, . . . , pk, p˜k, . . . , p˜1 are chosen in B+ ∩ B0 and 2k points p′1, . . . , p′k , p˜′k, . . . , p˜′1 are chosen in B0 ∩ B− (see
Fig. 4).
We may think of a 2k-string link β as a (proper smooth or piecewise linear) imbedding β :2k× I → B0 such that ∀i ∈ k,
(i,0)β = pi , (i,1)β = p′i , (k + i,0)β = p˜k−i+1 and (k + i,1)β = p˜′k−i+1.
A k-string link f may be considered as an imbedding f :k × I → B− such that ∀i ∈ k, (i,0) f = p′i and (i,1) f = p˜′ i . The
“union” of f and β gives rise to an imbedding k × I → B0 ∪ B− that may be considered as a k-string link β · f if as a part
of a string of β · f , the orientation of (i × I)β for i ∈ {k + 1, . . . ,2k} is reversed (see Fig. 5).
If β is taken to be the trivial 2k-string link and j′0 denotes the trivial k-string link as an imbedding j′0 :k× I → B− such
that, ∀i ∈ k, (i,0) j′0 = p˜i and (i,1) j′0 = pi , then the “union” of j′0 with the k-string link β · f is an ordered, oriented link of
k components called the closure of the k-string link f and denoted by f̂ (see Fig. 6).
What has been done for string links can be done for the homotopies between them so as to have an action of the group
H(2k) on the set H(k) and the closure of a homotopy between string links.
Let Sk(1) be the stabilizer of 1 ∈ H(k) for this action of the group H(2k) on the set H(k), that is, Sk(1) = {β ∈ H(2k) |
β · 1 = 1 ∈ H(k)} (see Fig. 7).
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Fig. 6. Closure f̂ of a 2-string link f .
Fig. 7. An element of S2(1).
Theorem 2 (Habegger–Lin). Suppose f , g ∈ H(k), then f̂ = ĝ (that is, the closures of their representatives are link-homotopic) if and
only if there is a β ∈ Sk(1) such that β · f = g.
Proof. See [6]. 
Deﬁnition 11. A d-base for a link L is the image of an imbedding D → S3 which intersects each component of L exactly
once and all the intersection numbers are +1. A d-based link is a pair (L, D) where L is a link and D is a d-base for L.
Cutting along a d-base of a link L yields a string link whose closure is L. Since one can easily construct for any link L a
d-base, one can easily convert a link to a string link.
Habegger and Lin associated to the closure f̂ of a string link a canonical choice of d-base and obtained a bijection
between isotopy classes of string links and isotopy classes of d-based links, where d-based links (L, D) and (L′, D ′) are
(ambient) isotopic if there is an isotopy of S3 which deforms L ∪ D to L′ ∪ D ′ preserving the ordering and orientation of
the components. They also obtained a bijection between link-homotopy classes of string links and link-homotopy classes of
d-based links.
A w-base for a link is obtained by replacing, in the deﬁnition of d-base, the disk D by a wedge of arcs connecting each
component of a link to the base point (see [6]).
A w-base W for a link L determines a peripheral structure {μi, λi} on G(L) by taking the arcs of W as stems for the
meridian-longitude pairs.
3. The algebraic criterion
We begin this section by algebraically characterizing certain notions that are crucial for Habegger–Lin’s classiﬁcation of
links up to link-homotopy. For example, Theorem 3 characterizes what it means for a 2k-string link β to belong to Sk(1) in
terms of its Artin automorphism β . Theorem 5 characterizes what it means for two k-string links f and g to have the same
closure in terms of f and g . Finally, Theorem 8 provides a complete algebraic invariant for link-homotopy and a connection
between Habegger–Lin’s approach and Milnor–Levine’s approach to the study of link-homotopy. Habegger–Lin have already
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step toward this connection.
Let RF(k) be the reduced free group in k generators α1,α2, . . . ,αk and RF(2k) be the reduced free group in 2k generators
α1,α2, . . . ,αk, α˜k, . . . , α˜2, α˜1. We will denote by ξ the epimorphism ξ :RF(2k) → RF(k) given by ∀i ∈ k, (αi)ξ = αi and
(α˜i)ξ = α−1i . The kernel of ξ will be denoted by N , that is, N = ker ξ is the normal subgroup of RF(2k) generated by{αiα˜i | i ∈ k}.
Theorem 3. Let β ∈ H(2k). β ∈ Sk(1) if and only if there exists a special automorphism β :RF(k) → RF(k) such that the diagram
RF(2k)
β
ξ
RF(2k)
ξ
RF(k)
β
RF(k)
(∗)
is commutative, where β is the Artin automorphism associated to β .
We will denote a string link and its homotopy class by the same letter.
Proof. Let β have top meridians x1, x2, . . . , xk, x˜k, . . . , x˜2, x˜1 and bottom meridians y1, y2, . . . , yk, y˜k, . . . , y˜2, y˜1, and let
RF(2k) have generators α1,α2, . . . ,αk, α˜k, . . . , α˜2, α˜1. Since the isomorphism μ′1(β)−1 : Rπ(β) → RF(2k) sends yi to αi and
y˜i to α˜i , it induces an isomorphism
μ′′1(β)−1 :
Rπ(β)
〈yi y˜i | i ∈ k〉N −→
RF(2k)
N
where 〈yi y˜i | i ∈ k〉N is the normal subgroup of Rπ(β) generated by {yi y˜i | i ∈ k}.
Now observe that Rπ(β · 1) ∼= Rπ(β)〈yi y˜i |i∈k〉N , with top meridians [xi] and bottom meridians [ x˜i
−1], where [ ] denotes the
equivalence class in the quotient group. Therefore (αi)μ′1(β · 1) = [ x˜i−1] and (αi)μ′0(β · 1)μ′1(β · 1)−1 = [xi]μ′1(β · 1)−1 thus
[ x˜−1i ]μ′1(β · 1)−1 = [xi]μ′1(β · 1)−1 ⇔ (αi)μ′0(β · 1)μ′1(β · 1)−1 = αi ⇔ (αi)β · 1 = αi . Since μ′1(β · 1)−1 is an isomorphism,
β · 1 = id if, and only if ∀i ∈ k, [ x˜−1i ] = [xi].
Suppose β ∈ Sk(1), then β · 1 = id and we have seen that, in Rπ(β)〈yi y˜i |i∈k〉N , [xi x˜i] = 1. Since μ
′
0(β) :RF(2k) → Rπ(β) sends
αiα˜i to xi x˜i , μ′0(β) induces a homomorphism
μ′′0(β) :
RF(2k)
N
−→ Rπ(β)〈yi y˜i | i ∈ k〉N .
Therefore we have the commutative diagram
RF(2k)
μ′0(β) Rπ(β)
μ′1(β)−1 RF(2k)
RF(2k)
N
μ′′0(β) Rπ(β)
〈yi y˜i |i∈k〉N
μ′′1(β)−1 RF(2k)
N
where the vertical maps are quotient homomorphisms.
Let us recall that μ′0(β)μ′1(β)−1 = β and denote μ′′0(β)μ′′1(β)−1 by β . If we identify RF(2k)N with RF(k) through the
isomorphism RF(k) → RF(2k)N that sends αi to [αi], the right- and left-hand vertical maps in the previous diagram are just ξ
and we can look at β as a homomorphism of RF(k), and thus β ∈ Sk(1) induces a homomorphism β :RF(k) → RF(k) that
makes the diagram (∗) commutative.
It follows from that diagram that β depends only on the homotopy class of β , that β−1 = β−1, and that β is a special
automorphism. It follows also that the map from Sk(1) into A(RF(k)) that sends β to β is a homomorphism.
Conversely, suppose that there exists a special automorphism β such that (∗) is commutative.
Identifying RF(k) with RF(2k)N as above we obtain a commutative diagram
RF(2k)
μ′0(β) Rπ(β)
μ′1(β)−1 RF(2k)
RF(2k)
N
βμ′′1(β) Rπ(β)
〈y y˜ |i∈k〉
μ′′1(β)−1 RF(2k)
N .i i
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Since μ′0(β) sends αiα˜i to xi˜xi it follows that, in
Rπ(β)
〈yi y˜i |i∈k〉N , [ x˜
−1
i ] = [xi] and therefore that β · 1 = id as seen before. Thus
β ∈ Sk(1). 
We will call a braid-like automorphism ψ of RF(2k) = RF(α1, . . . ,αk, α˜k, . . . , α˜1) such that (N)ψ ⊆ N a stabilizing auto-
morphism of RF(2k). Then Theorem 3 says that “β ∈ Sk(1) if and only if β is a stabilizing automorphism”.
In [5] we show that the homomorphism Sk(1) → A(RF(k)) that sends β to β is an epimorphism and compute its kernel.
Note that this map establishes a direct connection between the acting group of Habegger–Lin and the special automorphisms
of Levine.
Let (g,1) represent the 2k-string link obtained from a k-string link g by adding k straight strings at its end (see Fig. 8).
The Artin automorphism (g,1) associated to (g,1) will be denoted by g ∗ 1.
Lemma 4. Let f , g ∈ H(k) and γ ∈ H(2k). γ · f = g if and only if γ is of the form (g,1)β( f −1,1), where β ∈ Sk(1).
Proof. If γ = (g,1)β( f −1,1) with β ∈ Sk(1), then γ · f = g is clear geometrically. Conversely, suppose γ · f = g .
γ = (g,1)(g−1,1)γ ( f ,1)( f −1,1). Let β = (g−1,1)γ ( f ,1). β ∈ Sk(1) since β · 1 = (g−1,1)γ ( f ,1) · 1 = (g−1,1)γ · f =
(g−1,1) · g = 1. 
Theorem 5. The closures of k-string links f and g are link-homotopic as ordered, oriented links if and only if there exists a commutative
diagram
RF(2k)
ϕ
g∗1
RF(2k)
f ∗1
RF(2k)
ψ
RF(2k)
(∗)
where ϕ , ψ are stabilizing automorphisms of RF(2k).
Proof. By Theorem 2, f̂ and ĝ are link-homotopic if and only if there is γ ∈ Sk(1) such that γ · f = g . By Lemma 4, γ · f = g
if and only if γ = (g,1)β( f −1,1), where β ∈ Sk(1). Thus if f̂ and ĝ are link-homotopic we have a commutative diagram
RF(2k)
γ
g∗1
RF(2k)
f ∗1
RF(2k)
β
RF(2k)
(∗∗)
with β,γ ∈ Sk(1). By Theorem 3, β and γ are stabilizing automorphisms, so it is enough to write ϕ = γ and ψ = β .
Conversely given diagram (∗), with ϕ and ψ stabilizing automorphisms, ϕ and ψ are Artin automorphisms associated
to some elements β,γ ∈ H(2k) respectively, that is, ϕ = γ and ψ = β , and, by Theorem 3, β,γ ∈ S1(k). Thus we have dia-
gram (∗∗), which shows that γ = (g,1)β( f −1,1). Since β ∈ S1(k), γ · f = g , and since γ ∈ S1(k), by Theorem 2, f̂ = ĝ . 
If f is a k-string link, let us denote by N f the normal subgroup 〈(αi) f α˜i | i ∈ k〉N of RF(2k) generated by (αi) f α˜i , i ∈ k.
The normal subgroup N was important to algebraically characterize elements of Sk(1). Normal subgroups N f and Ng , where
f and g are k-string links, play a similar role in order to characterize 2k-string links that send f to g , as we see in the next
theorem.
Theorem 6. The closures of k-string links f and g are link-homotopic as ordered, oriented links if and only if there is a 2k-string link β
such that (N)β ⊆ N and (Ng)β ⊆ N f .
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β ∈ Sk(1). But, by Theorem 3,
β ∈ Sk(1) ⇐⇒ (N)β ⊆ N and
γ ∈ Sk(1) ⇐⇒ (N)γ ⊆ N ⇐⇒
⇐⇒ (N)g ∗ 1β f −1 ∗ 1⊆ N ⇐⇒
⇐⇒ 〈αiα˜i〉N g ∗ 1β f −1 ∗ 1⊆ 〈αiα˜i〉N ⇐⇒
⇐⇒ 〈(αi)gα˜i 〉Nβ f −1 ∗ 1⊆ 〈αiα˜i〉N ⇐⇒
⇐⇒ 〈(αi)gα˜i 〉Nβ ⊆ 〈αiα˜i〉N f ∗ 1 ⇐⇒
⇐⇒ 〈(αi)gα˜i 〉Nβ ⊆ 〈(αi) f α˜i 〉N ⇐⇒
⇐⇒ (Ng)β ⊆ N f . 
Corollary 7. Let f , g ∈ H(k). f̂ = ĝ if and only if there is β ∈ H(2k) such that (N)β = N and (Ng)β = N f .
Proof. It follows from Theorem 6 using β−1. 
It is shown in [6] that up to homotopy the choice of a k-string link f whose closure is a given link L, corresponds to
a choice of a d-base (or of a w-base) for L. Such d-base determines a pre-peripheral structure for L on RG(L) such that
(αi) f = wiαi w−1i , where the αi correspond to the meridians μi and the wi are words in the αi representing the longi-
tudes, in the sense of Theorem 1. Let q f :RF(k) → RG(L) be the epimorphism (see Theorem 1) that sends, for each i ∈ k, the
generator αi of RF(k) to the class of the meridian μi of the i-th component of L. Let us denote ξq f :RF(2k) → RG(L) by ξ f .
Deﬁnition 12. Given a k-link L, a group diagram for the homotopy class [L], of L is a commutative diagram
RF(2k)
f ∗1
ξ f
RF(2k)
ξ f
RG(L)
where f ∈ H(k) is such that f̂ = [L].
The fact that the diagram above is commutative follows from Theorem 1.
Given a k-link L, since its easy to construct a d-base for L, its easy to provide a group diagram for [L]. Of course, this
can be done in many ways. In particular, a group diagram for [L] can be obtained from a peripheral structure for L on G(L),
where the stems of representatives for the meridian-longitude pairs provide a w-base for L, which can be “thickened” to a
d-base.
Deﬁnition 13. Given group diagrams
RF(2k)
f ∗1
ξ f
RF(2k)
ξ f
RG(L)
and
RF(2k)
g∗1
ξg
RF(2k)
ξg
RG(L′)
for homotopy classes of k-links [L] and [L′] respectively, a braid-special isomorphism between them is a commutative
diagram
RF(2k) a
f ∗1
ξ f
RF(2k)
g∗1
ξgRF(2k)
ξ f
b RF(2k)
ξg
RG(L) c RG(L′)
where a, b are braid-like isomorphisms and c is a special isomorphism.
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Sk(1) s.t. γ · f = g . In the next theorem we will see how to construct from such γ a braid-special isomorphism and vice
versa.
Theorem 8. Let L and L′ be k-links and suppose that are given group diagrams
RF(2k)
f ∗1
ξ f
RF(2k)
ξ f
RG(L)
and
RF(2k)
g∗1
ξg
RF(2k)
ξg
RG(L′)
associated to [L] and to [L′] respectively. L is homotopic to L′ if and only if there is a braid-special isomorphism between these two
group diagrams.
Proof. By deﬁnition of group diagram, L is homotopic to L′ if and only if f̂ = ĝ .
By Theorem 5, this happens if and only if there exists a commutative diagram
RF(k)
β
RF(k)
RF(2k)
ξ
β
RF(2k)
ξ
RF(2k)
ξ
γ
g∗1
RF(2k)
ξ
f ∗1
RF(k)
γ
RF(k)
(i)
where β , γ are braid-like automorphisms and β , γ are special automorphisms.
Commutative diagram (i) and Corollary 7 show that (N)β = N and (Ng)β = N f .
Similarly (N)γ = N and (Ng−1 )γ = N f −1 .
Since, by Theorem 1, kerqg = 〈(αi)gα−1i | i ∈ k〉N and kerq f = 〈(αi) f α−1i | i ∈ k〉N it follows that ker ξg = kerqgξ =
〈(αi)gα−1i ,αiα˜i | i ∈ k〉N = 〈(αi)gα˜i,αiα˜i | i ∈ k〉N and ker ξ f = kerq f ξ = 〈(αi) f α˜i,αiα˜i | i ∈ k〉N . Thus there are special
isomorphisms β,γ :RG(L′) → RG(L) making the following diagram
RG(L′) β RG(L)
RF(k)
qg
β
RF(k)
q f
RF(2k)
ξ
β
RF(2k)
ξ
RF(2k)
ξ
γ
g∗1
RF(2k)
ξ
f ∗1
RF(k)
qg
γ
RF(k)
q f
RG(L′) γ RG(L)
(ii)
commutative.
We will show that β = γ . Let μi = qg(αi) be the generators of RG(L′). From diagram (ii) we see that (μi)γ = (αi)ξqgγ =
(αi)γ ξq f . On the other side, (αi)qg = ((αi)g)qg so (μi)β = (αi)qgβ = (αi)g ∗ 1ξqgβ = (αi)γ f ∗ 1ξq f .(αi)γ is a certain
614 J.E.P.P. de Campos / Topology and its Applications 157 (2010) 605–614word w(αi, α˜i), and we have (μi)γ = (w(αi, α˜i))ξq f = w(αi,α−1i )q f and (μi)β = (w(αi, α˜i)) f ∗ 1ξq f = w((αi) f , α˜i)ξq f =
w((αi) f ,α
−1
i )q f but ((αi) f )q f = (αi)q f , thus (μi)β = (μi)q. It follows that we have a commutative diagram
RF(2k)
γ
g∗1
ξg
RF(2k)
f ∗1
ξ fRF(2k)
ξg
β
RF(2k)
ξ f
RG(L′)
β=γ
RG(L)
where β and γ are braid-like isomorphisms and γ = β is a special isomorphism.
Conversely, a braid-special isomorphism between the two group diagrams provides diagram (ii), that provides diagram (i)
and, from Theorem 5, it follows that f̂ = ĝ . 
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